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( [1], $\mathrm{p}.314$ , )




$\{u(t);0\leq t\leq 1\}$ , $*\cdot$ , $[*, *]$
$\dot{X}(\vec{x},t)=\frac{\partial X}{\partial t}(\tilde{x},t)$ , $([u, X])_{k}= \sum_{j}(X_{j}\frac{\partial u_{k}}{\partial x_{j}}-u_{j}\frac{\partial X_{k}}{\partial x_{j}})$ (2)
3
$[u, X]=\nabla \mathrm{x}(u\mathrm{x}X)$ (3)
$[*, *]$ ( ) 3 ( $Xs$
) $[*, *]$
;
: $[A,$ $B]=-[B,$ $A]$ , (4)
Jacobi : $[A, [B, C]]+[B, [C, A]]+[c, [A, B]]=0$. (5)
23 E
$Xs(\mathrm{T}^{3})$ (complex helical wave)
$\phi_{\vec{k}\sigma}(\vec{x})=\frac{e_{\theta}(\vec{k})+\mathrm{i}\sigma e_{\varphi}(\vec{k})}{\sqrt{2}}\exp(\frac{2\pi \mathrm{i}}{L}\tilde{k}\cdot\vec{x})$ (6)
CHW $X$ $[X, *]$ $Xs(\mathrm{T}^{3})$














Lie CHW (structure constant)
2 :
$\frac{1}{L^{3}}\int_{\mathrm{T}^{3}}\overline{\phi_{\vec{\mathrm{p}}\sigma_{\mathrm{p}}}}\cdot[X, [\mathrm{Y}, \phi_{\vec{k}\sigma_{k}}]]\mathrm{d}\vec{x}$ $=$
$\frac{1}{L^{3}}\int_{\mathrm{T}^{3}}\overline{\phi_{\tilde{p}\sigma_{\mathrm{p}}}}\cdot[X,\sum_{\vec{q},\sigma_{q}}$ $\langle \vec{q},\sigma_{q}|\mathrm{Y}|\vec{k}\sigma_{k}\rangle\phi_{\vec{q}\sigma_{q}}]\mathrm{d}\vec{x}$
$=$
$\frac{1}{L^{3}}\sum_{\tilde{q},\sigma_{q}}\int_{\mathrm{T}^{3}}\overline{\phi_{\tilde{p}\sigma_{\mathrm{p}}}}\cdot[X, \phi_{\vec{q}\sigma_{q}}]\mathrm{d}\vec{x}$ $\langle \vec{q},\sigma_{q}|\mathrm{Y}|\vec{k},\sigma_{k}\rangle$
$=$
$\sum_{\vec{q},\sigma_{q}}$ $\langle \vec{p}, \sigma_{p}|X|\vec{q},\sigma_{q}\rangle$ $\langle \vec{q},\sigma_{q}|\mathrm{Y}|\vec{k}, \sigma_{k}\rangle$
. (10)
$[u, X]$ 1;
$\langle\vec{p},\sigma_{p}|[u, X]|\vec{k},$ $\sigma_{k}\rangle=\frac{1}{L^{3}}\int_{\mathrm{T}^{3}}.\overline{\phi_{\vec{p}\sigma_{\mathrm{p}}}}\cdot[[u, X],$ $\phi_{\vec{k}\sigma_{k}}]\mathrm{d}\tilde{x}$
$=$ $\frac{1}{L^{3}}\int_{13}\overline{\phi_{\vec{p}\sigma_{\mathrm{p}}}}\cdot([u, [X, \phi_{k\sigma_{k}}rightarrow]]-[X, [u, \phi_{\vec{k}\sigma_{k}}]])\mathrm{d}\vec{x}$
$=$
$\sum_{\vec{q},\sigma_{q}}$ $\langle\vec{p}, \sigma_{p}|u|\tilde{q}, \sigma_{q}\rangle\langle\vec{q},\sigma_{q}|X|\tilde{k}, \sigma_{k}\rangle-\sum_{\tilde{q},\sigma_{q}}$ $\langle \vec{p}, \sigma_{p}|X|\vec{q},\sigma_{q}\rangle\langle\vec{q}, \sigma_{q}|u|\tilde{k},\sigma_{k}\rangle$
. (11)
$\langle \tilde{p}, \sigma_{p}|X|\vec{k}, \sigma_{k}\rangle$ Lie $G$ Lie $\mathfrak{g}$ $\mathrm{a}\mathrm{d}\mathrm{x}$ CHW
$G$ Eq (2)
2;
$\mathrm{a}\mathrm{d}_{X}\mathrm{Y}=\frac{\mathrm{d}^{2}}{\mathrm{d}s\mathrm{d}t}e^{sX}e^{t\mathrm{Y}}e^{-s\mathrm{X}}=[X, \mathrm{Y}]$ where $e^{sX}:= \sum_{n=0}^{\infty}\frac{(-s)^{n}}{n!}(\sum_{j=1}^{3}X_{j}\frac{\partial}{\partial x_{j}})$ . (12)
3
$f(x)=f(gxg^{-1}),$ $g\in G,$ $x\in g$ $f$ $G$
Lie [2]





$=$ $\sum\sum\langle\vec{k},$ $\sigma_{k}|X|\vec{q},$ $\sigma_{q}\rangle\langle\vec{q},$ $\sigma_{q}|\mathrm{Y}|\vec{k},$ $\sigma_{k}\rangle$ . (13)
$\underline{\vec{k},\sigma_{k}}\vec{q,}\sigma_{q}$
1 Eq (3) conventional Poisson Jacobi
6
$\epsilon_{2-}\ovalbox{\tt\small REJECT} \mathrm{T}.k6^{-}arrow k|^{}.\mathrm{f}\mathrm{f}..\mathrm{g}\text{ }/\backslash \mathrm{a}\mathrm{e}\sim \mathrm{t}D\mathrm{R}\sigma$
)
$\mathrm{f}\mathrm{f}_{\grave{\mathrm{J}}}2\mathrm{I}\mathrm{f}J\backslash \nearrow\backslash \backslash \grave{\vee}7\mathrm{j}<.\ovalbox{\tt\small REJECT} \mathrm{A}$.a7-d–[X|.\sim \acute YA.----\mbox{\boldmath $\tau$}ad\mbox{\boldmath $\xi$}X)nadflY{\epsilon -ffladaeY\mbox{\boldmath $\tau$}ad\hslash X6 $X$
$(\partial t+X_{j}(\tilde{x})\partial_{j})f(\tilde{x}, t)=0$ $f(t\rangle$ $f(t)=e^{t\vec{X}}f(0)$
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3 ;
$B(X, \mathrm{Y}):=\frac{1}{L^{3}}\sum_{\tilde{k},\sigma_{k}}\int_{\eta \mathrm{s}}\phi_{\vec{k}\sigma_{k}}\cdot\nabla \mathrm{x}(X\mathrm{x}\nabla \mathrm{x}(\mathrm{Y}\mathrm{x}\phi_{\vec{k}\sigma_{k}}))$
(14)




$\sum_{\vec{k},\sigma_{k}}\sum_{\vec{q},\sigma_{q}}(\langle\vec{k},\sigma_{k}|\dot{X}|\vec{q}, \sigma_{q}\rangle$ $\langle \vec{q}, \sigma_{q}|\mathrm{Y}|\vec{k},\sigma_{k}\rangle+\langle\vec{k},\sigma_{k}|X|\vec{q},\sigma_{q}\rangle\langle\vec{q},\sigma_{q}|\dot{\mathrm{Y}}|\vec{k},\sigma_{k}\rangle)$







2 3 1 4 O
$n$- :
$B_{n}(X_{1}, X_{2}, \ldots, X_{n}):=\sum_{\vec{k},\sigma_{k}}\int_{\mathrm{I}^{3}}\overline{\phi_{\vec{k}\sigma_{k}}}\cdot[X_{1}, [X_{2}, [\cdots , [X_{n}, \phi_{\vec{k}\sigma_{k}}]\cdots]]]\mathrm{d}\tilde{x}$
. (16)
$X_{j}$ Lie $n$- [2]
4
K $\mathrm{n}\mathrm{g}$ $X,$ $\mathrm{Y}$ :
$\langle -\vec{k},\sigma_{k}|X|\vec{q},\sigma_{q}\rangle=-e^{\dot{\mathrm{t}}\Psi\{\vec{k},\vec{p},\tilde{q}\}}\sum\sigma_{k}k(\sigma_{k}k+\sigma \mathrm{x}p+\sigma_{q}q)\frac{\pi S}{\sqrt{2}L}\frac{\sigma_{k}\sigma \mathrm{x}\sigma_{q}}{kpq}$
$\sigma_{X}=\pm 1$
$\mathrm{x}\hat{X}(\vec{p},\sigma \mathrm{x})\delta(\vec{k}+\vec{p}+\vec{q})$ , (17)
$\langle \vec{q},\sigma_{q}|\mathrm{Y}|-\tilde{k},\sigma_{k}\rangle=-e^{-\mathrm{i}\Psi\{\tilde{k},\tilde{p},q\urcorner}\sum_{\sigma_{Y}=\pm 1}\sigma_{q}q(\sigma_{k}k+\sigma_{\mathrm{Y}}p+\sigma_{q}q)\frac{\pi S}{\sqrt{2}L}\frac{\sigma_{k}\sigma_{Y}\sigma_{q}}{kpq}$
$\mathrm{x}\hat{\mathrm{Y}}(-\vec{p},\sigma_{Y})\delta(\vec{k}+\vec{p}+\tilde{q})$ , (18)
$\tilde{p}=-\vec{k}-\vec{q,}k=|\vec{k}|,$ $p=|p\urcorner,$ $q=|q\neg$ , CHW $\hat{X}(\vec{q}, \sigma_{q})=\int_{\mathrm{T}^{3}}\overline{\phi_{\tilde{q}\sigma_{q}}}\cdot X\mathrm{d}x$,
$\delta$ 0\rightarrow 1, 0 $\Psi,$ $S$
$\sum_{\tilde{q},\sigma_{q\tilde{k}}}\sum_{\sigma_{k}},\langle \vec{q},\sigma_{q}|\mathrm{Y}|-\vec{k},\sigma_{k}\rangle\langle-\vec{k}, \sigma_{k}|X|\vec{q},\sigma_{q}\rangle$
(Eqs(17), (18) $\sigma_{k},$ $\sigma_{q}$ )
$= \sum_{\vec{k}}\sum_{\tilde{q}}\sum_{\tilde{p}\sigma}\sum_{\gamma=\pm 1\sigma}\sum_{\mathrm{x}=\pm 1}\frac{4\pi^{2}\sigma_{X}\sigma_{Y}S^{2}}{L^{2}p^{2}}\hat{\mathrm{Y}}(-\vec{p},\sigma\gamma)\hat{X}(\vec{p},\sigma \mathrm{x})\delta(\vec{k}+\vec{p}+\overline{q})$
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( $S$ $\vec{k},\vec{p}$, q\rightarrow $\delta$ Dirac )
$=$ $\sum$ $\sum\frac{\pi^{2}\sigma_{X}\sigma_{Y}}{L^{2}}\int \mathrm{d}\vec{k}\int \mathrm{d}\vec{q}\int \mathrm{d}\vec{p}p^{-2}(k+p+q)(p+q-k)$
$\sigma_{Y}=\pm 1\sigma_{X}=\pm 1$
$\mathrm{x}(q+k-p)(k+p-q)\hat{\mathrm{Y}}(-\vec{p}, \sigma_{Y})\hat{X}(\vec{p}, \sigma \mathrm{x})\delta(\vec{k}+\vec{p}+\overline{q})$
(q\rightarrow )
$= \sum_{\sigma_{Y}=\pm 1\sigma}\sum_{\mathrm{x}=\pm 1}\frac{\pi^{2}\sigma \mathrm{x}\sigma_{Y}}{L^{2}}\int \mathrm{d}\vec{k}\int \mathrm{d}\vec{p}p^{-2}(k+p+|\vec{k}+p\neg)(p+|\vec{k}+p\urcorner-k)$
$\mathrm{x}$ ( $|\tilde{k}$ $p\neg+k-p$) $(k+p-|\vec{k}+p\neg)\hat{\mathrm{Y}}(-\vec{p}, \sigma_{Y})\hat{X}(\vec{p}, \sigma_{X})$
( q=lk\rightarrow $p\neg$ $(k,\theta,\varphi)$ $(k,q,\varphi)$ )
$= \sum_{\sigma_{Y}=\pm 1\sigma}\sum_{\mathrm{x}=\pm 1}\frac{\pi^{2}\sigma_{X}\sigma_{Y}}{L^{2}}\int \mathrm{d}\vec{p}\int_{0}^{\infty}\mathrm{d}k\int_{|k-p|}^{k+p}\mathrm{d}q\frac{2\pi q}{kp^{3}}(k+p+q)(p+q-k)$
$\mathrm{x}(q+k-p)(k+p-q)\hat{\mathrm{Y}}(-\vec{p}, \sigma_{Y})\hat{X}(\vec{p}, \sigma x)$
($q$ )
$= \sum_{\sigma_{Y}=\pm 1\sigma}\sum_{\mathrm{x}=\pm 1}\frac{\pi^{2}\sigma_{X}\sigma_{Y}}{L^{2}}\int \mathrm{d}\vec{p}\int_{0}^{\infty}\mathrm{d}k\frac{32\pi k^{2}}{3}\hat{\mathrm{Y}}(-\vec{p}, \sigma_{Y})\hat{X}(\vec{p}, \sigma_{X})$
(p\rightarrow $k$ )
$= \frac{8\pi^{3}}{3L^{2}}(- 1) \int_{\mathrm{T}^{3}}(\mathrm{Y}_{+}(\vec{x})-\mathrm{Y}_{-}(\vec{x}))\cdot(X_{+}(\vec{x})-X_{-}(\vec{x}))\mathrm{d}\vec{x}$ (19)
( ) $O(k^{3})$ $+,$ $-$
:





$X_{S}|_{k_{\mathrm{c}}}$ $:=$ $\{X$ ; $X\in X_{S},\hat{X}(\vec{k}, \sigma)=0$ , if $|\vec{k}|>k_{c}\}$ (21)
xS|k Lie :
$\langle \vec{k}\sigma_{k}|\phi_{\vec{p}\sigma_{\mathrm{p}}}|\vec{q}\sigma_{q}\rangle=\{$
$\frac{1}{L^{3}}\int_{\mathrm{T}^{3}}\overline{\phi_{\vec{k}\sigma_{k}}}\cdot[\phi_{\vec{p}\sigma_{p}}, \phi_{\vec{q}\sigma_{q}}]$ di for $\max\{|\vec{k}|, |p\neg, |q\neg\}<k_{c}$ ,
0for$\max\{|\vec{k}|, |p\neg, |q\neg\}>k_{c}$ .
(22)
(inviscid truncated system, ITS) Lie Lie (Glk
) Riemann
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F. Waleffe, Phys. Fluids A4, 350 (1992)
$\langle -\tilde{k}, \sigma_{k}|\phi_{\vec{p}\sigma_{\mathrm{p}}}|\vec{q},\sigma_{q}\rangle$ $=$ $\frac{1}{L^{3}}\int_{\mathrm{T}^{3}}\phi_{\overline{k}\sigma_{k}}\cdot[\phi_{\tilde{p}\sigma_{p}}, \phi_{\tilde{q}\sigma_{q}}]\mathrm{d}\vec{x}$
$=$ $\frac{1}{L^{3}}\int_{\mathrm{I}^{3}}(\nabla \mathrm{x}\phi_{\tilde{k}\sigma_{k}})\cdot(\phi_{\tilde{p}\sigma_{\mathrm{p}}}\mathrm{x}\phi_{\tilde{q}\sigma_{q}})\mathrm{d}\mathrm{f}$
$=$
$\frac{2\pi\sigma_{k}|\vec{k}|}{L}[h(\vec{k},\sigma_{k}),h(\vec{p},\sigma_{p}),$ $h( \vec{q}, \sigma_{q})]\frac{1}{L^{3}}\int_{\mathrm{r}}.3\exp[\frac{2\pi \mathrm{i}}{L}(\tilde{k}+\vec{p}+\vec{q})\cdot\vec{x}]\mathrm{d}\vec{x}$
$=$
$\frac{2\pi\sigma_{k}|\vec{k}|}{L}[h(\vec{k},\sigma_{k}),h(\vec{p},\sigma_{p}),$ $h(\vec{q}, \sigma_{q})]\delta(\vec{k}+\vec{p}+\vec{q})$ (23)
$h$ k\rightarrow . $h(\vec{k},\sigma_{k}):=2^{-1/2}(e_{\theta}(\vec{k})+\mathrm{i}\sigma e_{\varphi}(\vec{k})),$ $\{e_{r}(k),$ $e_{\theta}(k)$ ,
$e_{\varphi}(k)\}$ Fourier $[*, *, *]$ $[\vec{a},\tilde{b},c]:=\vec{a}\cdot(\vec{b}\mathrm{x}c\gamma$
T




$\{\vec{k},\vec{p},\overline{q}\}$ $\{\tilde{k},\tilde{q},\overline{p}\}$ ffl $\mathrm{f}^{\vec{k},\vec{p},\overline{q}}$?
$e_{n}^{\triangle}$
$e_{n}^{\triangle}$ k\rightarrow





$(e_{\theta}(\vec{k}), e_{\varphi}(\vec{k}))$ $(e_{n}^{\triangle}, e_{b}(\tilde{k}))$ [ (29)
$\rho(\vec{k})\in[0,2\pi)$
$e_{\theta}(\vec{k})+\mathrm{i}\sigma e_{\varphi}(\vec{k})=\exp(\mathrm{i}\rho(\vec{k}))(e_{n}^{\triangle}+\mathrm{i}\sigma e_{b}(\vec{k}))$ (30)
$\vec{p}$, q\rightarrow $e_{n}^{\triangle}$
$h(\vec{k}, \sigma_{k})=e^{\mathrm{i}\rho(\vec{k})_{\frac{e_{n}^{\triangle}+\mathrm{i}\sigma_{k}e_{b}(\vec{k})}{\sqrt{2}}}}h(\vec{p}, \sigma_{p})=\mathrm{e}^{\mathrm{i}\rho(\tilde{p})_{\frac{e_{n}^{\triangle}+\mathrm{i}\sigma_{p}e_{b}(\vec{p})}{\sqrt{2}}}}h(\vec{q}, \sigma_{q})=e^{\mathrm{i}\rho(\overline{q})_{\frac{e_{n}^{\triangle}+\mathrm{i}\sigma_{q}e_{b}(\vec{q})}{\sqrt{2}}}}$ (31)
$\rho(\vec{k}),$ $\rho(\vec{p}),$ $\rho(\overline{q})$ $[0, 2\pi)$












$=$ $- \frac{e^{\mathrm{i}\Psi\{\tilde{k},\vec{p},q7}}{2\sqrt{2}}(\sigma_{p}\sigma_{q}[e_{n}^{\triangle}, e_{b}(\vec{p}), e_{b}(\overline{q})]$ $+\sigma_{q}\sigma_{k}[e_{n}^{\triangle}, e_{b}(q\gamma, e_{b}(\vec{k})]+\sigma_{k}\sigma_{p}[e_{n}^{\triangle}, e_{b}(\vec{k}), e_{b}(p\gamma])$ (33)
( $\vec{k},\vec{p}$, q\rightarrow )
$=$ $- \frac{e^{\mathrm{i}\Psi\{\vec{k},\tilde{p},q}\gamma}{2\sqrt{2}}(\sigma_{p}\sigma_{q}\frac{|\vec{p}\mathrm{x}q\neg}{|p\neg|q\neg}+\sigma_{q}\sigma_{k}\frac{|\vec{q}\mathrm{x}\vec{k}|}{|q\neg|\vec{k}|}+\sigma_{k}\sigma_{p}\frac{|\tilde{k}\mathrm{x}p\neg}{|\vec{k}||p\neg})$ (34)
( $S=|\vec{p}\cross q\neg=|\vec{q}\mathrm{x}\vec{k}|=|\vec{k}\mathrm{x}p\neg$ $\sigma_{k}^{2}=\sigma_{p}^{2}=\sigma_{q}^{2}=1$ )
$=$ $-e^{\mathrm{i}\Psi\{\vec{k},\vec{p},\overline{q}]} \frac{s}{2\sqrt{2}}\frac{\sigma_{k}\sigma_{p}\sigma_{q}}{|\vec{k}||p\neg|q\neg}(\sigma_{k}|\vec{k}|+\sigma_{p}|p\neg+\sigma_{q}|q\neg)$ (35)
$S$ $k:=|\vec{k}|,$ $p:=|p\neg,$ $q:=|q\neg$
$S$ $=$ $\frac{1}{2}\sqrt{(k+p+q)(p+q-k)(q+k-p)(k+p-q)}$ (36)
$\frac{1}{L^{3}}\int_{\mathrm{T}^{3}}\phi_{\tilde{k}\sigma_{k}}\cdot[\phi_{\vec{p}\sigma_{p}}, \phi_{\tilde{q}\sigma_{q}}]\mathrm{d}\vec{x}=-e^{\mathrm{i}\Psi\{k,p,q\}}\sigma_{k}k(\sigma_{k}k+\sigma_{p}p+\sigma_{q}q)\frac{\pi S}{\sqrt{2}L}\frac{\sigma_{k}\sigma_{p}\sigma_{q}}{kpq}\delta(\vec{k}+\tilde{p}+\overline{q})$ (37)
$\Psi\{\vec{k},\vec{p},\dot{q}\}$ $\{arrow karrow parrow qarrow\}$
$\sigma_{k},$ $\sigma_{p},$ $\sigma_{q}$
$\{(k, \sigma_{k}), (p, \sigma_{p}), (q, \sigma_{q})\}$ ,
$\{(-k, \sigma_{k}), (-p, \sigma_{p}), (-q, \sigma_{q})\}$
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